IDENTITIES OF GROUP ALGEBRAS PAUL MILNES1
Abstract.
In this note the converse to the following well-known proposition about locally compact topological groups G is proved: if G is discrete, then the group C*-algebra C*(G) has an identity.
Let G be a locally compact topological group and let L:f-rLf denote the left regular representation of Ll(G) on L2(G); L¡h =f*h,VhEL2(G). If G is compact, it is a classical result that Lf is a compact operator VfELl(G). If, as well, G is not discrete, then L2(G) is infinite dimensional and, for each fEL1(G), there is a sequence in {Lfh/hEL2(G), ||ä||2 = 1} converging to zero in L2(G). We now prove this last statement for arbitrary nondiscrete locally compact topological groups.
Proposition.
Suppose G is a nondiscrete locally compact topological group. Then, if f E Ll(G), there is a sequence in {Lfk/hEL2(G), ||A||ï=1 } converging to zero in L2(G). 
Q.E.D.
Let CT (G) denote the C*-algebra obtained by completing LX (G) in the norm/-»||L/||. C*(G) can be identified with the C*-subalgebra of £(L2(G)) generated by the operators {¿///EL1 (G)} (see [l, p. 187], for example). Proof. Suppose C*(G) does have an identity, 1. Let / E Ll(G) be such that ||l-Z,,||^l/4 and let hEL2(G), \\h\\2=l be such
which is a contradiction.
The group C*-algebra C*(G) of G is obtained by completing L^ (G) in the norm/-»sup||7T/|], where 7r ranges over all ""-representations of L1(G) as operators on a Hilbert space.
Corollary 2. Suppose G is a nondiscrete locally compact topological group. Then C*(G) does not have an identity.
Proof. Since CT (G) is a homomorphic image of C*(G) [l, (1.15) , p. 187] and Cr (G) has no identity, C*(G) has no identity.
It is well known that, if G is discrete, L1(G) has an identity and hence so do C, (G) and C*(G).
